Canonical transformation for stiff matter models in quantum cosmology 
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| In the present work we consider Friedmann-Robertson- Walker models in the presence of a stiff 

■ matter perfect fluid and a cosmological constant. We write the superhamiltonian of these models 

! i ■ using the Schutz's variational formalism. We notice that the resulting superhamiltonians have 

O ' terms that will lead to factor ordering ambiguities when they are written as operators. In order 

to remove these ambiguities, we introduce appropriate coordinate transformations and prove that 
these transformations are canonical using the symplectic method. 
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Recently, many authors have used the Schutz's variational formalism in order to write the superhamiltonian of 
Friedmann-Robertson- Walker (FRW) quantum cosmological models coupled to perfect fluids [THy. It became clear 
that, with the exception of the radiative perfect fluid, for all other types of fluids the resulting superhamiltonians 
have terms that will lead to factor ordering ambiguities when they are written as operators. In Ref. [7], a coordinate 
t— I ■ transformation was introduced for the models described above, such that, in the new coordinates, the superhamiltonian 
had no terms that could lead to factor ordering ambiguities at the quantum level. Later, in Ref. [§j], it was explicitly 
demonstrated that this coordinate transformation is canonical with the aid of the symplectic method. Unfortunately, 
the transformation introduced in Ref. Q cannot be applied to the important case of a stiff matter perfect fluid. The 
stiff matter perfect fluid has an equation of state of the form, p = aw, with a = 1, where w and p are, respectively, 
the fluid energy density and pressure. This perfect fluid can also be described by a massless free scalar field. 

The great importance of cosmological models where the matter content is represented by a stiff matter perfect 
fluid was recognized since its introduction by Zeldovich [9(. In order to understand better the importance of this 
perfect fluid for cosmology, one has to compute its energy density. In the temporal gauge (N(t) = 1), this quantity is 
proportional to l/a(t) 6 , where N(t) is the lapse function and a(t) is the scale factor. On the other hand, in the same 
gauge, the energy density of a radiative perfect fluid is proportional to l/a(i) 4 . This result indicates that there may 
have existed a phase earlier than that of radiation, in our Universe, which was dominated by stiff matter. Due to that 
importance, many physicists have started to consider the implications of the presence of a stiff matter perfect fluid 
in FRW cosmological models. The first important implication of the presence of stiff matter in FRW cosmological 
models is in the relic abundance of particle species produced after the 'Big Bang' due to the expansion and cooling of 
our Universe [Tfj| - [l5j . The presence of stiff matter in FRW cosmological models may also help explaining the baryon 
asymmetry and the density perturbations of the right amplitude for the large scale structure formation in our Universe 
[la , [l7| . It may also play an important role in the spectrum of relic gravity waves created during inflation [l8| . Since 
there may have existed a phase earlier than that of radiation which was dominated by stiff matter some physicists 
considered quantum cosmological models with this kind of matter [l9l . [2fjj . 

In the present work, we extend the works of Refs. [3] and Q to the important case of a stiff matter perfect fluid. 
In order to do that, we consider Friedmann-Robertson- Walker models in the presence of a stiff matter perfect fluid 



d 



X 



* E-mail: cliffordneves@uerj.br 
t E-mail: monerat@uerj.br 
i E-mail: evasquez@uerj.br 
§ E-mail: gonzaga@fat.uerj.br 
" E-mail: gilneto@fisica.ufjf.br 



2 



and a cosmological constant. The models differ from each other by the positive, negative and null curvatures of the 
spatial sections. We write the superhamiltonian of these models using the Schutz's variational formalism [21]. We 
notice that the resulting superhamiltonians have terms that will lead to factor ordering ambiguities when they are 
written as operators. In order to remove these ambiguities, we introduce appropriate coordinate transformations and 
prove that these transformations are canonical using the symplectic method [22j. 

The Friedmann-Robertson- Walker cosmological models are characterized by the scale factor a(t) and have the 
following line element, 

ds 2 = ~N 2 {t)dt 2 + a 2 (t) (y^^ + r 2 <ffi 2 ) , (0.1) 

where dfl 2 is the line element of the two-dimensional sphere with unitary radius, N(t) is the lapse function, k = 0, ±1 
gives the spatial section curvature and we are using the natural unit system, where h — c = 8nG — 1. The matter 
content of the model is represented by a perfect fluid with four-velocity = Sq in the comoving coordinate system 
used, plus a cosmological constant (A) . The total energy-momentum tensor is given by, 

T^u = {w+p)Ufj,U v -pg^v - kg^ v , (0.2) 

As mentioned above, here, we assume that p = w, which is the equation of state for stiff matter. 

Einstein's equations for the metric (|0.1[) and the energy momentum tensor (I0.2p are equivalent to the Hamilton 
equations generated by a total Hamiltonian, namely, 

P 2 ■ a 2 

H = a — 3fca 4 + Aa 6 + P T . (0.3) 

_L Z 

The variables P a and Pt are the momenta canonically conjugated to the variables a and T . Furthermore, the first term 
in the total Hamiltonian (|0.3[) will pose an operator ordering ambiguity problem, when it is written as an operator. 
This ambiguity will affect the quantum energy spectrum of the model. The total Hamiltonian (|0.3|) is related to the 
following Lagrangian, 

C = P a a + P T f - V, (0.4) 
where V = N£l is the symplectic potential, with 

n = _Pa_a _ 3fca 3 + Aa 5 + ;^ (Q 5) 

12 a 

In order to eliminate the factor ordering ambiguity problem, the following transformation will be used, 

a = e x 7 p a =p x /a, (0.6) 
Due to this, the Lagrangian density (|0.4p becomes, 

C = P x x + P T T - V, (0.7) 
where the symplectic potential is V — NCI, with, 

P 2 

Vl = --^--e x - 3ke 3x + Ae 5x + P T ■ e~ x . (0.8) 

The symplectic variables are & = (x,P x ,T,Pt,N), Following the symplectic method in Ref. [22| and the procedure 
developed in Ref. Q, it is possible to show that the model has a symmetry, which is fixed with the introduction of 
the following gauge fixing term, 

Y, = N-e x . (0.9) 

Due to this, the original first-order Lagrangian (|0 . 7[) is rewritten as, 

C = P x x + PtT + Yifj — V, (0.10) 

Now, the symplectic variables are £j = (x, P x , T, Pt, N, r/). The corresponding symplectic matrix becomes nonsingular 
and, from the inverse of the symplectic matrix, the non null Dirac brackets are obtained, 



{x,P x } = {T,P T } = \. 



(0.11) 
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The symplectic potential, identified as being the Hamiltonian, is given by, 



u 




(0.12) 



with, 



V e ff. = 3fce' 



,4x 



Ae' 



(0.13) 



At this point, it is important to notice that the Hamiltonian above will produce a Schrodinger like equation without 
operator ordering ambiguities, when it is written as an operator. Further, the Dirac brackets are equal to the Poisson 
brackets, allowing us to conclude that the variable transformation (|0.6j) is a canonical transformation. 
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